We have derived explicit expressions for the sum rules of order one of the eigenvalues of the negative Laplacian on two dimensional domains of arbitrary shape. Taking into account the leading asymptotic behavior of these eigenvalues, as given from Weyl's law, we show that it is possible to define sum rules that are finite, using different prescriptions. We provide the explicit expressions and test them on a number of non trivial examples, comparing the exact results with precise numerical results.
Introduction
We consider the Helmholtz equation on a two dimensional region Ω −∆Ψ n = E n Ψ n ; n = 1, 2, . . .
where E n are the eigenvalues and Ψ n the eigenfunctions, obeying appropriate boundary conditions on ∂Ω 1 . Eq. (1) can be solved exactly only in special cases such as for the circle or the rectangle and therefore one must rely on approximations for more general cases. For instance, if the domain Ω is a perturbation of a circle (or of any other domain where the exact solutions are known), perturbation theory (PT) allows one to obtain explicit expressions for the eigenvalues and eigenfunctions of eq. (1) as a power series in the perturbation parameter; when the domain Ω is not a perturbation, the equation can still be solved numerically, for a limited portion of the spectrum, using the different techniques. Variational estimates can also be used to provide rigorous bounds on specific eigenvalues (in particular on the lowest eigenvalue).
The asymptotic behavior of the spectrum, on the other hand, is described by Weyl's law, which relates the counting function N (E) = # {E n ≤ E} to the geometric properties of the domain
where A and L are respectively the area and perimeter of the domain. The ∓ sign refers to Dirichlet/Neumann boundary conditions. A useful strategy in dealing with Eq. (1) is to apply a conformal transformation, mapping the original region into a suitable region, where a complete set of eigenfunctions of the Laplacian is known (the existence of this map is granted by Riemann's mapping theorem, although finding the explicit expression may be difficult).
In this case the Helmholtz equation is trasformed to the equation (see for example ref. [1] )
where Σ is a "density" related to the conformal transformation which maps Ω to the circle (or to any suitable region). The solutions to this equation can be approximated using either analytical or numerical methods: for example, when the map is a perturbation of the identity one can apply perturbation theory (see ref. [2] ), whereas in more general cases, spectral (Rayleigh-Ritz) [3] or pseudospectral (collocation) [2] methods can be used to obtain precise results. Itzykson and collaborators [4] have first noticed that it is possible to obtain explicit (exact) expressions for the sum rules of the eigenvalues of Eq. 
calculating the traces of the appropriate operators, without the need of explicitly knowing the eigenvalues E n . Eq.(6) of ref. [4] deals with the special case s → 1 + , for which ζ(s) diverges, identifying the leading contributions. Kvitsinsky [5] has later applied similar ideas to discuss the spectral sum rules of nearly circular domains, discussing in particular the case of regular n-sided polygonal domains (note that the analysis of Refs. [4] and [5] is limited to Dirichlet boundary conditions).
Dittmar [6] has obtained explicit formulas for the sum rules of order two, both for Dirichlet and Neumann boundary conditions, for simply connected domains of the plane, using a conformal transformation of the original domain to the unit disk. Examples of sums rules of order two for the cardioid and related domains are given in ref. [7] .
More recently we have derived the general expressions for the spectral sum rules of inhomogenous strings and membranes (in one and two dimensions), of which Eq. (3) is a special case, for different boundary conditions (see refs. [8, 9, 10] ). In this way we were able to derive explicit expressions for the spectral sum rules of a circular sector and of a symmetric annulus with Dirichlet boundary conditions. The case of boundary conditions allowing a zero mode (which would correspond, for instance, to the circular annulus with Neumann boundary conditions), specifically discussed in ref. [10] , is particularly delicate because of extra contributions that have to be correctly taken into account.
We refer the reader interested in other examples of spectral sum rules for related problems to the references cited in ref. [8, 9, 10] .
The purpose of this paper is to extend our previous results to the calculation of sum rules of order one for two dimensional domains: we will show that, by following the adequate prescriptions, it is possible to define sum rules of order one which are finite, even though the expression (4) diverges at s = 1. We will define generalizations of eq. (4) which are finite at s = 1 and verify the analytical results with precise numerical estimates for a number of non-trivial examples.
The paper is organized as follows: in section 2 we discuss the procedures needed to obtain finite sum rules and obtain the corresponding explicit expressions in terms of a trace; in section 3 we consider several examples, obtaining the exact expressions for the sum rules of order one and comparing them with precise numerical estimates; in section 4 we draw our conclusions.
Spectral sum rules
As we have discussed in our previous papers [8, 9, 10] it is possible to obtain an explicit formula for the spectral sum rules
where E n are the eigenvalues of the Helmholtz equation on a finite two dimensional region (in the case of a string, i.e. in one dimensions, p = 1 is also allowed), expressing Z(p) as a trace in terms of a p-points "free" Green's function and of p "densities", each evaluated at a different internal point (see Eq.(65) of ref. [8] ). Remarkably, the calculation of Z(p), when expressed in this form, does not require the exact (and actually not even approximate) knowledge of any of the eigenvalues E n . The reader will find several examples of calculations of sum rules for one and two dimensional problems, with different boundary conditions, in refs. [8, 9, 10] .
Let us now discuss the case of spectral sum rules of order one. It is straightforward to see that Z(1) diverges for the two dimensional problem since Weyl's law implies
where A is the area of the domain where eq. (1) is being solved. The divergence of eq. (5) for p = 1, manifests itself in the singular behavior of the Green's function, when the trace is taken.
To illustrate this point we will consider the disk, with either Dirichlet or Neumann boundary conditions at the border.
The Dirichlet Green's functions for the disk is reported in ref. [11] and it reads
whereas the Neumann Green's function for the disk can be found in ref. [12] and it reads
To start with, we consider the Dirichlet Green's function for the disk, evaluated at two points infinitesimally close, taking r ′ = r + ηδr and θ ′ = θ + ηδθ and η → 0:
The corresponding expression for Z D (1) on an arbitrary domain will formally read
where Σ(r, θ) is the "conformal" density of eq. (3). Z D (1) will diverge for η → 0 because of the behavior in eq. (9) . A similar result holds for Neumann boundary conditions; in this case the Green's function behaves
As proved in ref. [10] for the case of boundary conditions allowing a zero mode the corresponding expression for Z N (1) on an arbitrary domain in two dimensions is
Note that this expression is also divergent for η → 0. We will now describe two different prescriptions to define sum rules of order one, which are perfectly finite (without loss of generality we will use as reference domain the circle).
In the first approach one considers suitable linear combinations of Green's functions corresponding to different boundary conditions, in such a way that the divergent terms identically vanish.
Looking at the example that we have just discussed, for instance, we see that the Green's functions for Dirichlet and for Neumann bc contain the same divergent term for η → 0 and therefore the combination
is finite for η → 0 3 . As a result the corresponding trace
is also finite. The second approach applies to domains with one (or more) symmetry axis: the eigenfunctions of the negative Laplacian on this domain will then be either be even or odd with respect to reflections about this axis and the eigenstates will be characterized also by a quantum number specifying to which symmetry class it belongs. In this case we can split the Green's function into an even an odd part with respect to reflexion about the symmetry axes; in the case of the disk with Dirichlet boundary conditions at the border, for example, these Green's functions are
For r ′ = r + ηδr and θ ′ = θ + ηδθ, with η → 0, we introduce the linear combination
that is perfectly finite for η = 0. As a result one has an explicit expression for the sum rule involving the eigenvalues of the even and odd states directly in terms of this Green's function as
An analogous expression can be found for the case of Neumann bc.
Applications
In this section we consider several applications of the general formulas derived in section 2, comparing the exact results obtained with these formulas with the approximate results obtained numerically.
Rectangle (Dirichlet bc)
Consider a rectangle of sides a and b with Dirichlet bc at its borders. The expression for the Green's functions corresponding to Dirichlet boundary conditions is reported in eqs. (8) and (9) of Ref. [9] . Using that expression we work out the symmetrized and antisymmetrized Green's functions:
which correspond to selecting the contributions of even (odd) modes with respect to a symmetry axis. We now define
whose trace, by construction, is finite and must be
Using the explicit expression for
where the last series converges exponentially at large k.
For a = b = √ 2 the first ten terms of the series provide the sum rule exact to about 32 digits:
This result must be contrasted with the numerical result obtained by summing the explicit eigenvalues
When the sum is restricted to the lowest 5 × 10 5 eigenvalues assuming a = b = √ 2 one obtains
with just 3 correct digits.
A simple fit, using the last 10 4 partial sums, shows that the partial sums S N converge to the exact result as
where the extrapolated value has now 6 correct digits. A still better estimate can be obtained approximating the tail of the series, n > 5 × 10 5 , with the asymptotic behavior described by Weyl's law, which for λ ≫ 1 states that the number of modes below the energy λ is
where A and L are the area and perimeter of the domain respectively. In the present case A = 2 and L = 4 √ 2. To approximate the tail of the series, one needs to obtain the leading asymptotic behavior of the odd and even modes; for the odd modes
where
Finally
Estimating the remainder of the series using the Weyl asymptotics we finally have
where now 7 digits have converged to their correct values.
Disk (Dirichlet bc)
The Helmholtz equation can be solved exactly when the domain is a unit disk, with Dirichlet boundary conditions at the border; in this case the eigenfunctions are simply given by
where κ nm is the m th zero of the Bessel function of order n and N nm is a normalization constant. The eigenvalues of the Helmholtz equation are also known and they are From these formulas it is clear that the eigenfunctions corresponding to s = 1 are even with respect to a reflection about the horizontal axis, whereas the eigenfunctions corresponding to s = 2 are odd.
In analogy to what we have done for the rectangle we define
which correspond to selecting the contributions of the even and odd modes under reflections with respect to the x axis. As we have seen earlier, the Green's function obtained as
is free of divergencies when the limit θ 2 → θ 1 and r 2 → r 1 is taken
The sum rule of order one 
This sum rule is a particular case of the "circular partial wave zeta function" calculated by Steiner [13] (see also Ref. [14] ):
that, for s = 1, (see Eq.(5.18) of ref. [13] ) yields
The special case l = 0 corresponds to the sum rule considered here and it agrees with the result of Eq. (37).
Disk (Neumann bc)
For the case of Neumann bc we introduce the Green's functions with appropriate parity
and use them to define
In the limit θ 2 → θ 1 and r 2 → r 1 this expression reduces to
S/A (r 1 , θ 1 , r 2 , θ 2 ) = − log 4r 
confirming our result.
Disk (Dirichlet-Neumann bc)
Still another possibility is to consider the sum rule
where the Neumann zero mode (n = 0) is excluded from the sum. In this case (46) and its trace is
It is useful to introduce the appropriate set of "circular partial wave zeta function" for Neumann bc
extending the definitions of Steiner [13] .
Based on accurate numerical calculations we have been able to guess the general expression for η l (1), which reads
where η 0 (1) = ζ 1 (1) has been used in the previous case. By substituting these expressions into the series (45) we have
which confirms the result obtained with the trace.
Circular annulus (Dirichlet bc)
Following ref. [15] we consider a rectangle of sides a = − log r 0 and b = 2π. The conformal map
transforms the rectangle (|x| ≤ a/2, |y| ≤ b/2) into an annulus of radii r min = r 0 and r max = 1 (r 0 < 1). The "conformal density" associated with this transformation is
By taking Dirichlet and periodic boundary conditions along the horizontal and vertical sides of the rectangle respectively, the annulus resulting from the conformal map obeys Dirichlet boundary conditions at the border. As a result, we need to use the Green's function for a rectangle with Dirichlet-periodic boundary conditions reported in ref. [9] .
The sum rule
can then be expressed as
ny,1 (x, x) φ
ny,2 (x, x) φ
One can carry out the calculation explicitly, and see that the first contribution identically vanishes; the final result is particularly simple
It is interesting to discuss the limits r 0 → 0 + and r 0 → 1 − :
In the first case the sum rule tends to the corresponding sum rule for the disk (although the expression is non-analytical at r = r 0 ); in the second case the sum rule tends to zero, because of the transversal modes whose energy grows without bounds as the transversal size of the annulus is shrinked to zero.
This sum rule can be tested using the explicit form for the solution of the Helmholtz equation:
where k nm are the roots of the equation
and the corresponding eigenvalues are
In analogy with the case of the disk (see ref. [13] ) one can define an "annular partial wave zeta function" asζ
and express the sum rule as
We have calculated numerically the first 500 roots of eq. (59) for r 0 = 1/2 j and j = 1, . . . , 10. The results are reported in Table 1 and show that almost all the digits of the exact results are reproduced when the tail of the series is estimated using the Weyl asymptotics. 
Cardioid-like region (Dirichlet bc)
Following [16, 3] we consider the conformal map
which maps the unit disk to a cardioid-like region, leaving the area constant (the particular choice λ = 1/2 corresponds to a cardioid). The original interest of refs. [16, 3] into studying these domains is related to the fact that the cardioid is known to exhibit quantum chaos and its level spacing distribution is in good agreement with a Wigner distribution.
The spectrum and eigenfunctions for this problem, unlike in the cases that we have studied earlier, are not known, and intensive numerical calculations are required to obtain good approximations to the lower part of the spectrum [17] . Being able to obtain an exact sum rule in this problem can then be valuable to assess the quality of the numerical calculations and possibly extract information on the subleading terms of the asymptotic behavior of the spectrum as well.
The conformal density in this case is Σ(r, θ) = 4λ 2 r 2 + 4λr cos(θ) + 1
and we may calculate the sum rule S/A (r, θ, r, θ)
This result can be compared with the approximate result obtained calculating numerically a large number of even and odd eigenvalues, using the RayleighRitz method. For the even (odd) states we have worked with a set of 11984 (11886) states, which are sufficient to obtain the lowest 5000 eigenvalues in each symmetry class precisely. In Table 2 we compare the exact sum rules (second column) with the partial sums over the first 5000 numerical eigenvalues (third column) and with the partial sums where the contribution of the tail of the series is estimated using Weyl's asymptotics (fourth column). These last results agree with the exact one to 5 digits.
Cardioid-like region (Dirichlet -Neumann bc)
In this case we consider the sum rule relative to the difference between Dirichlet and Neumann eigenvalues:
The expression of this sum rule in terms of the Green's functions is
where the second term corresponds to eq.(19) of ref. [10] 4 . The first term can be calculated explicitly
The expression for S 2 is much more involved and it reads
For the case of the cardioid the sum rule provides
We have also calculated numerically the eigenvalues of the cardioid using the collocation method described in ref. [2] both for Dirichlet and Neumann bc. Using grids of about 80000 points we have obtained the first 10 4 eigenvalues with good accuracy. The partial sum obtained in this case is
This result can be improved estimating the tail of the series using the Weyl asympotic for Dirichlet and Neumann modes:
In this case the inferior accuracy of the collocation method, compared with the Rayleigh-Ritz method used earlier, reflects in the precision of the numerical sum rule, which agrees only to three digits with the exact result.
Conclusions
The eigenvalues of the negative laplacian on a finite two dimensional domain, subject to the appropriate boundary conditions, can be used to define the spectral sum rules of eq. (5). In refs. [8, 9, 10] we have derived general expressions for the sum rules of order p, with p = 2, 3, . . .; in the present paper we have considered the special case corresponding to p = 1, for which the expressions of refs. [8, 9, 10] diverge in two or more dimensions. This behavior is understood taking into account the asymptotic growth of the eigenvalues, given by Weyl's law. We show that it is possible to cure this divergence, obtaining sum rules that are finite and well defined, by taking suitable linear combinations of the divergent sum rules. The linear combinations should be such that the divergent term in the Green's function appearing in the trace identically vanish. This can be accomplished in different ways, for instance building a sum rule out of Dirichlet and Neumann eigenvalues, or out of eigenvalues belonging to different symmetry classes. We have worked out explicit expressions for a number of cases and compared them with the approximate results obtained with a direct numerical evaluation of a large number of eigenvalues (in this respect these sum rules provide a tool to assess the efficiency of the numerical methods used).
An accurate calculation of the sum rules starting from the eigenvalues implies, apart from a reliable and precise numerical estimate of the lowest eigenvalues (say few thousands of them), also a good knowledge of the behavior of the higher part of the spectrum. As the quality of the numerical estimates of the lower part of the spectrum improves, one may hope to obtain interesting information on the subleading terms in the behavior of the higher part of the spectrum, by comparing the numerical results with the exact ones. It is important to stress that the spectral sum rules of order one offer at least two advantages over the sum rules of higher orders: it is much easier to calculate them explicitly and they are more sensitive to the asymptotic behavior of the spectrum. In our opinion these features make them an intersting tool for investigating the high frequency behavior of the spectrum.
